The present paper deals with the existence of periodic orbits in the Circular Restricted Four-Body Problem (CR4BP) in two-dimensional co-ordinate system when the second primary is a triaxial rigid body and the third primary of inferior mass (in comparison of the other primaries) is placed at triangular libration point 4 L of the Circular Restricted Three-Body Problem (CR3BP). With the help of generating solutions, we formed a basis for the existence of periodic orbits, then an analytical approach given by Hassan et al. [1] , was applied to our model of equilateral triangular configuration. It is found that in general solution also; the character of periodic orbits is conserved. For verification of the existence of periodic orbits, we have applied the criterion of Duboshin [2] and found satisfied.
Introduction
Giacaglia [3] applied the method of analytic continuation to examine the existence of periodic orbits of collision of the first kind in the CR3BP. Bhatnagar [4] generalized the problem in elliptic case. Further Bhatnagar [5] extended the work of Giacaglia [3] in the CR4BP by considering three primaries at the vertices of an equilateral triangle. In last three decades, a series of works have been performed by different authors with different perturbations in the circular and elliptic restricted three-body and four-body problem but nobody established the m m m ≥ > and the fourth body 4 P of infinitesimal mass m be assumed so small that it can't influence the motion of the primaries but the motion of ( ) 4 P m is influenced by them. Moreover, we assumed that the mass 3 m (mass of the third primary placed at 4 L of the R3BP) is small enough so that it can't influence the motion of the two dominating primaries 1 P and 2 P but can influence the motion of the infinitesimal body ( ) 4 
Equations of Motion of the Infinitesimal Mass

P m .
Thus the centre of mass (i.e. the bary-centre) i.e. the centre of rotation of the system remains at the bary-centre O of the two primaries 1 P and 2 P . Also, all the primaries 1 2 P P , and 3 P are moving in the same plane of motion in different circular orbits of radii 1 2 , OP OP and , O ξη and its axis of symmetry is perpendicular to the plane of motion. Since the primaries are revolving without rotation about O with the same angular velocity as that of the synodic axes, hence, the principal axes of 2 P will remain parallel to the co-ordinate axes throughout the motion.
Let at any time t, ( ) ing primaries on the x-axis of the rotating (synodic) co-ordinate system and ( ) 3 3 3 , P ξ η be the third primary placed at the equilibrium point 4 L of 1 2 and P P . Let 1 2 , r r and 3 r be the displacements of 1 2 , P P and 3 P relative to 4 P as shown in Figure 1 and r be the position vector of ( ) 
Let 1 2 , F F and 3 F be the gravitational forces exerted by the primaries 
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and ( ) ( )
Total gravitational force exerted by the three primaries on the infinitesimal mass is given by (5) and (6)), we get ( ) 
By equating the coefficients of î and ĵ from both sides, we get the equations of motion of the infinitesimal mass as ( ) 3  1  1  2  2  2  3  3  3  1  2  3   2  1  2  2  2  1  2  2  2  5  7  2  2   2   3  2  15  ,  2 
The Hamiltonian of the infinitesimal body of unit mass is given by 
Assuming µ as the mass ratio of 2 m and ε as the mass ratio of 3 m to the total mass of the dominating primaries 1 P and 2 P then Thus the co-ordinates of the three primaries 
The Hamiltonian-canonical equations are
The energy integral of the infinitesimal mass is
where C is a constant.
Regularization
In our Hamiltonian given in Equation (16), there are three singularities 
Clearly,
rr rr r
From Equation (21), we have
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The combination of Equations ( (15), (24) and (25)) gives the Hamiltonian The Canonical equations of motion corresponding to the regularized Hamiltonian K are given by
where the regularized Hamiltonian is given by 
where Since t is not involved explicitly in 0 K hence the Hamilton-Jacobi equation may be written as 
Generating Solution (i.e., Solution When
sin cos cos and sin
Thus the Equation (32) reduces to
This is a partial differential equation of second degree, so by the method of variable separable, the solution may be written as
where G is an arbitrary constant.
Now introducing a new variable z by
Introducing Equation (37) in Equation (36), we get 
i.e., , ,
where 1 z is the smaller root of the equation
where 1 z and 2 z are the two roots of the equation
F z = , a is the semi-major axis, e is the eccentricity and l is the semi-latus rectum of the elliptic orbit of the infinitesimal mass around the first primary. It may be noted that for
From Equation (41) 
where 
Also from Equations ((39), (51) and (52)),
From the last relation of Equation (53), we have 
Again from Equation (53), 
From Equation (40),
Differentiating partially with respect to G , we get 
Therefore, for the problem generated by the Hamiltonian 0 K , the equations of motion are ( ) 
where ϕ is given by the first equation of system (59). 
where ϕ is given by the second equation of (59).
The original synodic cartesian co-ordinates in a uniformly rotating (synodic) system are obtained from the Equations ( (20) and (23)) when 0
The sidereal cartesian co-ordinates are obtained by considering the transfor- 
where t is given by the Equation (55). Now let us express 1 K in terms of the canonical elements , , , l g L G .
From Equation (31), 
=+ + −
where a is given by Equation (45), e is given by Equation (46) and ϕ is given by the first equation of (58).
By neglecting the higher order terms of e , let the co-efficient of µ be denoted by R then the complete Hamiltonian in terms of canonical variables , , , l g L G is given by ( ) 
, and
Thus the Equation (69) can be written as ( )
These are generating solutions of the two-body problem.
Here , i i a η are constants given by
The generating solutions will be periodic with the period 0 τ if 
Following Poincare [9] , the general solutions in the neighbourhood of the generating solutions may be written as
Following the method of Hassan et al. [1] , Bhatnagar [4] [5] and Choudhary [8] , the Duboshin's conditions [2] for the existence of periodic orbits are given K is the first degree term of 1 K given in Equation (31).
Here the Equations ((75) and (76)) together justify the Equation (77).
Following Bhatnagar [5] , Hassan et al. [1] , Equation (77) can be written as 2  2  2  2  0  0  2  2  2  2  2  2  1  1  1  1  2  0  0  0  0  0  2  2  2  2  2  1  2  1  1  2  0  0  2  2  2  2  1  2  2  1  0  0  0  0  2  2  2  1  2 
From Equation (60), 1  1  1  1  2  2  2  2  2   1  1  1  1  2  2  2  2 , , 
Discussions and Conclusions
In order to prove the existence of periodic orbits of the first kind in the CR4BP,
we have discussed the problem into five sections starting with introduction about the historical evolution of the topic. In the second section, we established the equations of motion of the infinitesimal mass under the perturbed gravitational field of the three primaries. In the present problem, the second primary is a tri-axial rigid body and other two are point masses i.e., spheres. All the primaries are moving on their own circular orbits about the centre of mass of the do- In fifth section, we have examined the existence of periodic orbits when 0 µ ≠ with the technique of Choudhary [8] applying to the conditions given by Duboshin [2] . Since our consideration satisfied all the conditions for periodic orbits given by Duboshin [2] , hence we conclude that the periodic orbits of the infinitesimal mass around the first primary exist when suitable values of 1 2 , , µ σ σ are taken. By shifting the origin to the centre of the other primaries also, the existence of periodic orbits can be examined. Even by using "Mathematica", we can show the existence of periodic orbits of the infinitesimal mass around other primaries also, by taking suitable values of the parameters.
